


Chapter 3
S—matrix

We will use the S—matrix formulation to obtain the decay rates and cross section formulas. The
relevant and properly normalized of the S—matriz

3.1 The S—matrix

In the Scrodinger picture, the state of a system evolves with time

|6L,t> U(t,tl)|a,tl)
la, t) =U(t,t;)|a)

|a7 t> :e_iH(t_ti)

a), (3.1)

where |a,t;), at an initial time ¢;, is an eigenstate of a set of conmuting operators, and is denoted
simply |a). Similarly |b) = |b)(t).
We have then

<b7 tf|a’7 tf) :<b|a7 tf)
=(ble= "7 a, t;)

:<b|e_iH(tf_t") a, (3.2)

is the amplitude for the process in which the initial state |a) evolves into the final state |b). In the
limit t; — ¢; — oo, the operator e #{i=%) is called the S—matrix. Therefore S is an operator that
maps an initial state to a final state

|a) = Sla), (3.3)
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an the scattering amplitudes are given by its matrix elements, (b|.S]a). Observe that

{a] — (a|ST, (3.4)

(ala) =1 — (a|STS|a) =1, (3.5)

so that SST = S1S = 1.
More rigorously,if (ala) = 1, and |n) is a complete set of states, the probability that |a) evolves
into |n), summed over all |n), must be 1,

> lnlSla)* = 1. (3.6)

On the other hand we can write

Y lnlsla)* = (alS"|n){n|S]a)

=(alS" (Z |n><nl> Sla)

=(a|S"S]a)
~1, (3.7)

and we conclude that SST = S'S = 1. The unitarity of the S-matrix express the conservation of
probability. It is also convenient to define the T matrix, separating the identity operator,

S=1+:T (3.8)
Consider a generic S—matrix element

For notational simplicity the states are just labeled by their momenta, but all our considerations can
be generalized to the case in which the spin is taken into account. We have also defined the operator
T from S = 1+4T. We assume that none of the initial momenta p; coincides a final momentum
k;. This eliminates processes in which one of the particles behaves as a “spectator” and does not
interact with the other particles. In the language of Feynman diagrams to will be explained later,
this means that we can restrict to connected diagrams. Therefore, if we restrict to the situation in



3.2. RELATIVISTIC AND NO RELATIVISTIC NORMALIZATIONS 11

which no initial and final momenta coincide, the matrix element of the identity operator between
these states vanishes, and we need actually to compute the matrix element of T’

(P1-..puliTks ... k) (3.10)

In explicit calculations there will be an overall factor Dirac delta imposing energy—momentum con-
servation. In order not to write explicitly the Dirac delta each time we compute a matrix element of
T, it is convenient to define a matrix element My; from The matrix element,

J J

The labels i, f refer to the initial and final states. Explicitly

More generally, the initial and final states are labeled also by the spin states of the initial and final
particles.

So, instead of S or T', the quantity to be calculated is My;, but this need first to be relativistically
normalized, in which case it will be denoted as M ;.

3.2 Relativistic and no relativistic normalizations

We first consider a system in a cubic box with spatial volume V = L3. At the end of the computation
V will be sent to infinity. It is sometimes convenient to put the system into a box of size L, so that the
total volume V' = L3 is finite. This procedure regularizes divergences coming from the infinite-volume
limit or, equivalently, from the small momentum region, and is an example of an infrared cutoff. In
a finite box of size L, imposing periodic boundary conditions on the fields, the momenta take the
discrete values p = 2mn/L with n = (n,, n,, n,) a vector with integer components. In non-relativistic
quantum mechanics a one-particle state with momentum p in the coordinate representation is given
by a plane wave

Up(x) = Ce™, (3.13)

and the normalization constant is fixed by the condition that there is one particle in the volume V,

1= [ dalinGol = [ oy 60v,()

:\012/ P
1%

=|CPV, (3.14)
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and
Up(x) = —=eP>. (3.15)
Wave functions with different momenta are orthogonal, and therefore

Lfm&@wgmz%m (3.16)

Writing 15 (x) = (x|p) and using the completeness relation [|, d®z|x)(x| = 1, we can write this as

<mmﬁm=®ﬂéfﬂﬁ&m»
=/famm&m>
1%

- /V @ 1, (%) Uy (%)
= 6p17P2 . (317)

The superscript NR reminds us that the states have been normalized according to the conventions
of non-relativistic quantum mechanics.

In relativistic QFT this normalization is not the most convenient, because the spatial volume
V' is not relativistically invariant, and therefore the condition “one-particle per volume V” is not
invariant. A more convenient Lorentz invariant form was introduced in eq. (2.20)

<p1|p2>R = 2EP1V5P1,I)2 (318>

Therefore the difference between the relativistic and non-relativistic normalization of the one-particle
states is, comparing egs. (3.17) and (3.18)

p)" = 2E,V) [p)" (3.19)

and of course for a multiparticle state

|p1a"'7p7’b |p17"'7pn>NR (320)

ﬁ 2E,V)"/?
i=1

We denote by My;, defined in eq. (3.11), the scattering amplitude between the initial state with
momenta qp, . . ., q, and the final state with momenta pq, ..., p,, with non-relativistic normalization
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of the states, and by M ; the same matrix element with relativistic normalization of the states. Then
from eq. (3.11)

(2m)*0@W (Z pi—> k) iMp =(p1...pnliTk; .. k)R

=] 2B, V)" H (2B, V)2 (b1 ... pliT]ky .. k)R

=1 7j=1
T 2B, V)" H (2B, V)" (27) 5 (Z pi—y k) iMy;
i=1 j=1 i i
(3.21)
Therefore
My = [ @EV) 2T (2B, V)™ My (3.22)
i=1 j=1

3.3 Decay Rates

Consider the matrix element of i7" in (3.11)

(pliT|k; ... k,)N® = (2m)*6@ <p -y k:) iM; (3.23)

where the initial state is a single particle of momentum p and mass M, while the final state is

given by n particles of momenta k; and masses m;, ¢ = 1,...,n. We are therefore considering a decay
process.

The relativistic matrix element is therefore

(pliT|k: .. . k,) = (2m)*6@ ( Zk)H (2B, V) T 2B V) ™2 iMy, (3.24)
=1

Jj=1

Assume for the moment that all particles are indistinguishable. The rules of quantum mechanics
tell us that the probability of this process is obtained by taking the square module of the amplitude

(27)*0@ ( Zk;)th

|(pliT |k, ... NR| = (3.25)
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and we are confronted with the square of the delta function. To compute it, we recall that we are
working in a finite spatial volume and, from eq. (2.10)

(27)26®(0) =V (3.26)
Similarly we regularize also the time interval, saying that the time runs from —7/2 to T'/2 so that
2m)A@(0) = VT (3.27)

Then

2
[(pliTk; ... 1e,) ¥R =

(271')45(4) (p — Z ]{Zl> Z]\ffz
J

=(2m)*6® (p - Z kj) VI'My; (3.28)

Moreover we must sum over all final states. In the discrete limit
Since we are working in a finite volume V', the sum over all final states corresponds to the sum
over the possible discrete values of the momenta of the final particles

2 n?: —OO,,.,,-l,O,l,...OO

I,

kj: LJ’ njy: _007"'7_170717"'00 <329>
nj: —OO,.--,_170717--~OO

DY a0
kj TLJI n};j nj-
In the large-volume limit for each particle we can write, using eq. (2.3)

Z — (2:)3 /d%j, (3.31)

J

The decay probability in (3.28) can be written as
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W= [Tk k)N Z Zzw‘*(s < Zk)VT\Mm
/ / Vik, Y& ;“3 (2m) 15 <p _ Zk]) VT My
:/‘../(2@45@) <p— Zk]) VT|Mfi|2ﬁ ‘(/j)@ . (3.32)

By using eq. (3.22) we have
w=/.../(27r)45(4) p—ij VT Mgl
1 v &k
_ a5 (N 2 j
//(271') ) P zl:k'j T|Mfz| QEPE(QW)BQEkj
1 v @k
— 45(4) _ ) |12 J
//(271') ) p zl:k’j (/ dt) |Mfz| QEp H (271’)32Ekj
:/ /(Qﬂ)45(4) p_zk. L|M -|2dtﬁﬂ (3.33)
— ™ J2p, T T ek, '

j=

2
~r VdPk; LT 172
oo ((QEPV) T (2B V) )
=1

j=1

Finally we define the decay rate dI' as the decay probability in which in the final state the j—th
particle has momentum between k; and k; + dk; per unit time

dw i
dl' =— = (2m)%6W k. ;
dt ) < Z >2E Myl H 27r 32Ek

2

where

o Pk
d (p, kl, kQ, s kn) (5 P Ej k'] | | (27T)32Ekj (3 35)

J=1
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If the decaying particle, of mass M is initially at rest, then £, = M, and the differential decay width
in the center of mass frame

(2m)"

' =
2M

Myl dO™ (ps ke kg, - ke (3.36)

3.4 Cross Section

Consider the collission of a cloud of particles of density n{ moving to the right with velocity v{ toward
another cloud of particles in rest of density n3. The differential of number of collisions is
dN oc|v)|nind dV dt
=o [V nind dV dt (3.37)

Hence, o have units of area, and corresponds to the cross section.
The Lorentz invariant expression for velocities and particle densities is

]vllon?ng — nlng\/(vl —vg)2 — |V X vy (3.38)

Therefore

dN :0\/(v1 —v9)? — vy X valngng dV dt

1
=0/ (Vi — v2)2 — vy X Vglv(nl‘/)(ng dV) dt

1
:O\/(Vl — V2)2 — |V1 X V2|VN1(TZ2 dV) dt . (339)

Integrate it out

1
N :J\/(Vl — V2)2 — |V1 X V2|VN1N2T (340)

The probability for the collision to happens is

N
NiN,

ol
= Vi v = Vi x v (3.41)

As in equation (3.32), the collision probability is

NiVNQ = / o / (27)46@ (zi:pi - Ef: m) VT|MfZ-|21;[ ‘(;ﬁfg , (3.42)
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Replacing back in eq. (3.41), we have that the differential cross section is

do = v (27)40™ Zp pr VT | Myl H Vd3pf : (3.43)
T\/(V1 — V2)2 ’ ‘

— |V1 X V2’

Defining

I = ElEQ\/(Vl — V2)2 — |V1 X Vo (344)

and using eq. (3.22) for the relativistic scattering amplitude

VE1E2 Vddpf
do = i (271')45(4) <ZP@ — pr) VT|Mfi|2H (27)?
i f f
V2E1E2 4 (4 2 Vd3pf
T (2m)*6™ Zpi—zpf | My H (2r)?
( f !

V2E1E2 4 1 1 1 Vdgp
= 27 )45 — |2 L 4

i

In this way, when the initial state in the S—matrix contains two particles

d’p
do = (2m)*6™ (Z i — pr> Wi Ml H 32fE (3.46)

i=1,2
where
1= /(01 pa)? = it (347
Defining
I
rel = 4
VUrel E1E2 (3 8)
In general

I :\/(E1E2 — p1 - P2)? — mim3

:\/Eng + (p1 - P2)? — 2E1 Espy.pas — mim3 (3.49)
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Since

m1m2 (E2 P%)(EQ Pg)
—(EfE%—p?EQ E1p2+p1p2)

I = \/P%E2 — 2E1Espy - p2 + Efpi + (p1 - p2)? — Pip3
If
(p1-p2)® —pip; =0

that implies that p; and ps are colineals,

1=\/DiE} — 2B, Exp, - po + E?p3

:\/ P1E2 - szl)
:|P1E2 - p2E1’

I Ip1 P

B N 5 I S o

d?
do = (27 45 (sz pr> 40,0 Fr s ’Mﬂ’ H (2m foEf

3.4.1 2-to—2 cross section

The the 2-t0—2 cross section is

do =(2m)*s® — ) = 1h) — = M i )
g ( 7T) (pl +p2 Y41 p?) Vyel 4E1E2’ f ’
—_od5@ S i|? 1 2
(014 p2 =01 = o) o Ml S B saea g
1 5 dgp/ d?’p/
MW — Pl = ph)
BB By 010 PP ) Ty

1
= i, By M 42702 (1o, 1)

(2m)32F] (2m)32E)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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where, as in eq. (3.35)

49y o, = a0 (14 21— 1) e P2 (3:57)
) ) ) 4(271‘)2 1 2 Ei Eé
We now will find an expression for cross section in the center of mass frame (CM)
The center of mass (CM) frame is defined by the condition
pP1+p2=0 (3.58)

The 0—function in Eq. (5.82)
8D (p+pa — 1y — 1) = 6@ (p1 + P2 — P} — PL)I(EL + B — B} — E3) (3.59)
In the CM frame
8 (p+p2—ph = ph) = 6¥ (P} + Ph)S(EL + Ep — Ef — EY) (3.60)

M, in integration does not depend on |p}| or |p}| as the final momentum is fixed by the initial
momentum whenever the final states have only two particles. In this way the integration on p), can
be evaluated directly for d®®). Replacing back in Eq. (3.56)

1 d?’p/ dgp/
ap) ~4(2m)? 0P+ py)3(Er + By — By — B} E’1 E’2
1 /
_ §(E, + E o —*
o / P El
— 5B+ By — B~ B} d3 (3.61)
_4(271')2 1 2 E/ El '
1 p,%d|p!|d
4(2m)? (By+ By = By = ) E1E) 362
As
Pl = /B 2 (363)
dpi| _ 2By
!
dE; QW
El
B} (3.64)

p|
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In this way, we can write, in general

Ip|dlp| = EdE (3.65)
and
"B dE!
4@ — 5B, + B, — B — gy PUEIAEL o
4@w(1+2 2 E\E}
1 "dE!

From the d—function in Eq. (3.59) we have that in the CM frame

P1 = —P2

b (3.67)
P = —Ps

CM
m+m—m—%=0¢{

Squaring the first expression, and taking into account that

ph =\ B2 —m)? (3.68)

we have
P\’ =pb’
B —ml? =By —ml? (3.69)
E;:JEf—nﬁ?+mf (3.70)

In this way we can express F} in terms of E] in Eq. (3.66). Moreover, we can define the center of
mass energy as

N (3.71)

Using The energy part of é—function in Eq. (3.59) can be written as

5(¢‘—E}—¢Eﬁ—nﬁ?+m§) (3.72)

As established before, M¢; in this case in independent of |p|, and the integration on E/ can be done
directly only for d®®. The integral is easily performed using the identity

Z— Zy

5wm=§ﬁ%@f (3.73)
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where z, are the zeroes of f(z). In this case, this —function is a function of the integration variable

E}, with only one zerp

3¢ =5
where
F@) = V5 — @~ \Ja2 —mi? + mb?
Therefore

Ao —

_ Ipl(xo)l
4(27)2 |/ (xo)| E5(w0)

where from Egs. (3.68), (3.70),

P’ (z0) =1/ xf — m}” E(xo) :\/

The zero is obtained from

\/g_xo_\/xo ml +m2 —O

s —2\/sxy = —m1 +m2

with solution

/ CUO ) [P’ ()]
| f/(zo)|  E5(z)
1

2
5—2\/551:04—3:3:1'0 m1 ? 4+ mh

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)
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we have

J— ,2
my~ + S 1

(7m/ 2+m/2+s)2
\/g 1 - 2

2 2
—m)°+mL" +s

12 12 72 72
—_myT +my —s+myT —my — 8§

= 2 2
—mi”+mhy” + s
—2s

= P 2
s+ mby” —m)

and

2 2
s+mbh° —m) )

S(ED) =8, a0 (7
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(3.81)

(3.82)

Replacing the expression for g in (3.79) into Eq. (3.77) we have (See deltaxn.nb for additional

details)

Vs = (mi® + my)][s — (42 — m3?)]

I J—
s —m)? +mh’

2V/s
Replacing Eqs. (3.81), and (3.83) in Eq. (3.76) we have

Ey(w) =

2 /12
1 1 Ty —Mm
4o = — 0 —
1P o it £

(3.83)

1 sy Vs = 0l — (i i)
N 4(27)? 2s s — Tn’l2 + 771’22
1yl 0 el - (i )

4(2m)2 25

(3.84)
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To further evaluate Eq. (3.56), we need to express v, and EjFs in terms of s and the masses.

Concerning v, from Eq. (3.54), evaluated in CM frame

P1 P2

E, E,
P1 P1
E B
= |p1| (E1 + E»)

:|131|\/g

Replacing back Egs. (3.84), and (3.85) into Eq. (3.56), we have

E1Eyvye =E1 Ey

:E1E2

1 e —
O S B ] (12T
o_ 1 |2¢ s — (42 4 mg?)[s — (md® — ms?)]
dQ ~ 6AT?E By 25
By using Eq. (3.85)
o 1 W¢ s = (2 )] [s — (g — )]
dQ ~ 64r|py|/s” 2s
In the CM frame
Vs =E, + F,

=\/p} +m? + [} + md

—\/p} +m? + [} +md

s =2p% +m? + m3 + 2/pt + (m3 + m2)p3 + mim3

s — (23 + m3 + m3) =2,/pi + (m? + m3)p} + mim3

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)
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s* = 2s(2p +mi +m3) + [2p + (m] +m3)]* =4(p} + (m} + m3)p] +mim3)

s* = 2s(2p{ +mi +m3) +4p) +4pi(mi + m3) + (m] +m3)* =4(p} + (my + m3)p] +mims)
—4sp? + 5% — 2s(m? +m3) + (m1 +m3)? =4mim;

—4sp? + 8% — 2sm] — 2sm3 +m] + my + 2mims =4dmim;

—4sp% + 52— 2sm% — 28m§ + mil + mg - memg =0 (3.91)

5 (s —=m?—=2mym; —m3) (s —m? + 2maomy — m3)
1

pi = " (3.92)
py| = V(i 7”2;35 — (1 = ma)’] (3.93)
Replacing Eq. (3.93) back in Eq. (3.85) we have
By Byt = %\/[S iy e | Py e——) (3.94)
Replacing Egs. (3.94), and (3.84) in Eq. (3.56)
s L 2dQ s = (my 4+ my)?][s — (mf —mj)?]
a _647r2| sl 2s (2)\/[3 — (my 4+ ma)?[s — (m1 — my)?] (3.95)
and, finally
do 1 [[s—(mh+mb)ls — (mh —mp) ]\ P
a0~ G {[s = (i + ma)[s — (s — ma)? } M (3.96)
3.5 Backup

Perturbation theory is developed more easily using the Hamiltonian formalism. We therefore consider
a general field theory with a Hamiltonian

H = Hy + Hiy (3.97)

where Hj is the free Hamiltonian and H;,; is the interaction term. The interaction term will be
considered small. For instance in QED

Hint = /dgx Hint - _/dsx ‘Cint (398)
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with

Line = —eApy"1p (3.99)
The smallnes of the interaction follows from the fact that the parameter which turns out to be

relevatn for the perturbation expansion is o = €? /41 ~ 1/137.

SST=(144T)(1 —iT")
=14+4(T-TH+TT" =1,

(3.100)
TTV = —i(T - T7). (3.101)
Inserting a complete set of states we have
(BITT'|a) = — i((b|T|a) — (b|T"|a))
(b|T <Z !n><nl) T'la) = =i | (b|T|a) = ({a|T|b))"
Zn<blT|n><a|T|n>T = — i ((bT]a) — (a|T[b)")
: > TnTy, =—i(Twa—T5,) -

: (3.102)

ifa=5

Tyn? = —iIm T, . (3.103)
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